
Appendix to Deducing Polynomial Division Algorithms using a Groebner Basis  

 

This appendix expands on some of the quotients that were found in Chapter 21.  In that chapter given 

an irreducible polynomial (x3 + Bx2 + Cx -D) of negative discriminant, higher degree polynomials that 

factor the irreducible polynomial were found.  The leading coefficients of these polynomials were found 

to be a function of D and of combinations of the terms found in the associated integer sequence of (x3 + 

Bx2 + Cx -D).  The equations were found to be universal for any irreducible polynomial. 

Some general recurrence relations were also found using a Groebner basis algorithm.  The source of 

these recurrence relations is based on F[x], the ring of all polynomials that are divisible by the 

irreducible polynomial x3 + Bx2 + Cx -D.  This establishes an ideal in this ring where the polynomials in 

equations [20], [27] and [28] are members of this ideal.  There are an infinite number of these 

polynomials but we will only be concerned with these three. 

Define the conjugate of G(x) = x3 + Bx2 + Cx -D to be the irreducible polynomial G(x)c= x3 - Bx2 + Cx +D.   

Also define the polynomials in equations [20], [27] and [28] below as F2(n), F3(n), and F4(n), functions of 

x and n. It is understood that any of these polynomials are functions of x. Note that D is the constant 

term in G(x). 

[20] P2(n) = a(n) x2n + [(a(2n) – a(n)2)/2]*xn + Dn – (x^3)n 

[27] P3(n) = 2x4n –  a(n)x3n –  a(2n)x2n + ((a(n)3 -a(3n)-3Dn)/3)xn –  a(n) Dn 

[28] P4(n) = -3D2n – 2a(2n)Dnxn + ((a(n)4 – a(4n) – 12a(n)Dn)/2)x2n +2x3n(Dn-a(3n)) – 3a(2n)x4n -2a(n)x5n  

 + 7x6n 

 It can be shown that for all G(x); 

[A1]      G(x)* G(x)c= (-1) * P2(2) 

 

The conjugate for any polynomial P2(n) can be found from polynomial division; 

[A2]   P2(n)c = (-1) * P2(2n)/P2(n) 

or in general, 

[A3]   P2(n)*P2(n)c = (-1) * P2(2n) 

Similar conjugates are not found with P3(n) or P4(n). 

However, we know from the recurrences found with the Groebner basis, e.g. equations [30] and [31] of 

Chapter 21,  that if either P4(n) or P3(n) are divided by P2(n) then the remainder which is equal to the 

terms found in Equations [30] and [31] will be zero and the quotients are remainder free.  For example, 

if P3(n) is divided by P2(n) the remainder is: 

[A4] 𝑟(𝑥, 𝑛) =  
1

6
(3 ∗ 2𝑥𝑛 − a(n)3𝑥𝑛 + 3a(n)a(2𝑛)𝑥𝑛 − 2a(3n)𝑥𝑛) = 0  

which corresponds to recurrence equation [30]. If P4(n) is divided by P2(n) the remainder is: 



[A5] 𝑟(𝑥, 𝑛) =  
1

4
([24 − 4a(n)3 + 12a(n)a(2n) − 8a(3n)] − [12a(n)2 + 2a(n)5 + 12a(2n) −

8a(n)3a(2n) + 6a(n)a(2n)2 + 4a(n)2a(3n) − 4a(2n)a(3n)]𝑥𝑛 + [32a(n) − 5a(n)4 +

14a(n)2a(2n) + a(2n)2 − 8a(n)a(3n) − 2a(4n)]𝑥2𝑛) 

Where constant terms and terms in xn, and x2n are collected and found to be zero for any sequence 

associated with G(x). 

In general, for any irreducible polynomial G(x), the following quotients are remainder free, P4(bn)/P2(an) 

and P3(bn)/P2(an) where either a = b or a|b or a|b*n.   

As an example, let n = 2 and b = 4.  Then a = 2, 4, or b*n = 8 so the following quotients are remainder 

free: P4(8)/P2(2), P4(8)/P2(4), P4(8)/[ P2(2)*P2(2)c], P4(8)/[P2(4)*P2(4)c], P4(8)/[ P2(4)c],  P4(8)/P2(8) 

and the original derived quotient P4(8)/G(x). 

Other quotients with zero remainder can be derived from sums, differences and products of mixed 

polynomials P2(n), P3(n) and P4(n).  The larger polynomial (P2(bn)*P3(bn)+P4(bn)*P3(bn) +P2(bn)] is 

divisible by G(x) and also P2(an) where a|b or a = b. 

Although G(x) and P2(n) are divisors of F2(n), F2(n) and F4(n), the same is not true for either F3(n) or 

F4(n).  For F3(2n)/F3(n) and F4(2n)/F4(n), a minimum of the following conditions being required on a(n), 

a(2n), a(3n) and a(4n) and a(6n): 

[A6]       144a(n)2 − 15a(n)5 − 144a(2n) + 36a(n)3a(2n) + 24a(n)2a(3n) − 72a(n)a(4n) = 0 

[A7]       −288120 − 203890176a(n)2 + 258720a(n)3 − 23928a(n)6 − 279888a(n)a(2n) +

26124a(n)4a(2n) − 1070423424a(2n) + 971376a(n)a(2n) − 66276a(n)4a(2n) −

42336a(n)2a(2n)a(2n) + 127008a(n)2a(2n)2 − 74088(2n)a(2n)2 + 111132a(2n)3 −

230496a(3n) + 37632a(n)3a(3n) − 65856a(n)a(2n)a(3n) + 296352a(n)a(2n)a(3n) +

115248a(3n)2 − 403368a(6n) + 24696a(n)2a(4n) − 28812a(2n)a(4n) + 86436a(2n)a(4n) = 0 

A test of these conditions for discriminants -23, -31, -59 and -83 show that these equations are not zero 

so division of F3(2n)/F3(n) and F4(2n)/F4(n) is unlikely to be remainder free. 

Since any division of an ideal requires F[x] = P(x)*Q(x) + r(x) where Q(x) and r(x) are polynomials in x, 

with either r(x) = 0 or deg(r(x)) < deg(P(x)) remainder free quotients can be obtained by subtraction of 

F(x) by r(x);  Note that if P(x) equals the irreducible cubic G(x), then the remainder is a quadratic (+ x + 

x2) or zero.  

[A8]  (F(x)- r(x))/P(x) = Q(x)  

As a final example divide the polynomials obtained from discriminant (-23), F4(8)/F4(2) where 

F4(2) = −3 − 4𝑥2 − 9𝑥4 − 8𝑥6 − 6𝑥8 − 4𝑥10 + 7𝑥12 

F4(8) = −3 − 180𝑥8 + 895𝑥16 − 1704𝑥24 − 270𝑥32 − 20𝑥40 + 7𝑥48  

Using Mathematica one can subtract the following remainder from F4(8) to obtain the quotient Q(x); 

R(x) = −
115789946829910224

1628413597910449
−

133562059550384272𝑥2

1628413597910449
−

178256619606731440𝑥4

1628413597910449
−

186885333603473280𝑥6

1628413597910449
−

142705458274116480𝑥8

1628413597910449
+

196028732327205488𝑥10

1628413597910449
 



 

Q(x) = ( -36968235345392959 + 4770293943729188 x2 + 45125440908962813 x4 -  

   38191286656581184 x6 + 26897409439316003 x8 +  

   63469441642222112 x10 - 246345208972175782 x12 +  

   93671533167972088 x14 + 61497940387744448 x16 +  

   41993605836004900 x18 - 19450932946039357 x20 +  

   25171828178194376 x22 + 15049590049785697 x24 +  

   8869995124740036 x26 + 2305280224613751 x28 +  

   3760068715874856 x30 + 1927509973036858 x32 +  

   930522055948828 x34 + 1628413597910449 x36)/1628413597910449 

where the divisor 1628413597910449 = 718.  

The polynomials P2(n), P3(n) and P4(n) and products may be divisible by a square of P2(n).  In general, a 

polynomial f(x) is divisible by the square of a polynomial if f(x) and its derivative f’(x) have a greatest 

common divisor which is of a positive degree in x.  Any polynomial that is divisible by a square has a 

common divisor for both f(x) and f’(x). 

Example:  the product of P4(4)*P3(4) is; 

F(x) = 6 + 64𝑥4 + 288𝑥8 + 710𝑥12 + 1032𝑥16 + 866𝑥20 + 332𝑥24 − 68𝑥28 − 122𝑥32 − 22𝑥36 + 14𝑥40 

F’(x) = 256𝑥3 + 2304𝑥7 + 8520𝑥11 + 16512𝑥15 + 17320𝑥19 + 7968𝑥23 − 1904𝑥27 − 3904𝑥31 − 792𝑥35 + 560𝑥39 

It can be shown that the GCD is −2 − 6𝑥4 − 4𝑥8 + 2𝑥12 

With deg(GCD) = 12 > 0 

Since both P4(4) and P3(4) are divisible by P2(4) then they are divisible by P2(4)2. From [A3] F(x) is also 

divisible by [P2(2)*P2(2)c ]2.  

Division of Conjugates 

Given G(x) = x3 + Bx2 +Cx -1 and its conjugate G(x)c = x3 - Bx2 + Cx +1, investigate the division of F2(n), 

F3(n), or F4(n) with the difference G(x) - G(x)c = -2(Bx2 + 1) or (Bx2 + 1). As an example, consider the 

division of (F4(n) – F4(n)c) by (Bx2 + 1) for an even value of n.  This is a division that will give a remainder. 

Remarkably, the remainder in every case is a constant (C) that can be subtracted from the numerator. 

By redefining the variable √𝐵𝑥 = u the terms in ((F4(n) – F4(n)c) - C) *(u2+1) contain all coefficients in the 

binary field F2! 

Example: The power 4 polynomials for n = 4 for the irreducible polynomial G(x) = x3 -2x2 -2x -1 

(discriminant 83) are, 

P4(4) = −3 − 8256𝑥4 − 131840𝑥8 − 530436𝑥12 − 12384𝑥16 − 128𝑥20 + 7𝑥24 



P4(4)c = 3 − 8256𝑥4 − 131840𝑥8 − 530436𝑥12 − 12384𝑥16 + 128𝑥20 + 7𝑥24 

G(x) - G(x)c = -2(2x2+1) 

Dividing (F4(4) – F4(4)c) by (2x2 + 1) we find a remainder C = (-25/4).  Subtracting C from the numerator 

and dividing by (2x2 + 1) we get the quotient: 

Q(x) = 
1

4
(1 − 2𝑥2 + 4𝑥4 − 8𝑥6 + 16𝑥8 − 32𝑥10 + 64𝑥12 − 128𝑥14 + 256𝑥16 − 512𝑥18) 

Let √2𝑥 = u and substitute all powers of x to yield: 

4*Q(u) = 1 − 𝑢2 + 𝑢4 − 𝑢6 + 𝑢8 − 𝑢10 + 𝑢12 − 𝑢14 + 𝑢16 − 𝑢18 

Multiply 4*Q(u) by (u2+1) resulting in the polynomial: 

(1 − 𝑢2 + 𝑢4 − 𝑢6 + 𝑢8 − 𝑢10 + 𝑢12 − 𝑢14 + 𝑢16 − 𝑢18) ∗ (𝑢2 + 1) =  𝑢20 − 1 

The polynomial on the left can be further factored as: 

−(1 − 𝑢2 + 𝑢4 − 𝑢6 + 𝑢8) ∗ (1 − 𝑢 + 𝑢2 − 𝑢3 + 𝑢4) ∗ (1 + 𝑢 + 𝑢2 + 𝑢3 + 𝑢4) ∗ (𝑢2 + 1) ∗ (𝑢 − 1) ∗ (𝑢 + 1) =  𝑢20 − 1 

All coefficients are in the binary field F2.  In general, for any even n the resulting RHS polynomial is 

𝑢5𝑛 − 1 which can be factored as in the above example.  Using conjugate division, the above is true for 

any irreducible G(x) = x3 + Bx2 +Cx -1. 

Because (u-1) and (u+1) are always a factor of the polynomials resulting from conjugate division, both 

the quotient Q(x) and (√𝐵𝑥 )5𝑛 − 1 have roots Q(x)= 0 of x = +/- 1/√𝐵  for even values of n. 

For even n, the value of the rational constant C can easily be calculated by evaluating the polynomial 

and its conjugate at x =1/√𝐵. In the example above it can be shown that for P4(n,x); 

C = P4(4, 1/√𝐵) - P4(4, 1/√𝐵)c = (-25/4) 

Although seemingly complex, the above conjugate division is a “trick” in which the remaining factor of 

xm is a(n) that is “divided out” by the remainder leaving a power of the constant B for the leading 

coefficient of xm .  It is still interesting how in this case, the remainder C by division can be obtained from 

the difference in polynomials and how Q(x) is factored into powers of √𝐵𝑥.    

For a less obvious division problem, consider the multiplication of the above polynomial P4(4) with its 

conjugate and division by (2x2 + 1).  The remainder Cm =  
5829509395160625

16777216
  can be subtracted from the 

product (F4(4) * F4(4)c) and ((F4(4) * F4(4)c) - Cm ) is divisible by (2x2 + 1).  In this example, the remainder 

is obtained from the value of the product P4(4, i/√𝐵) * P4(4, i/√𝐵)c, where i/√𝐵 is complex. 

Let z= F4(4, x), z*= F4(4, x)c , zk = P4(4, i/√𝐵) and zk* = P4(4, i/√𝐵)c .  Then by the definition of z* and zk*, 

 (z- z*)( zk + zk* ) = z zk +z zk*- z* zk – z* zk* = 0  

Rearranging:  z zk– z* zk* = -z zk*+ z* zk.  Since the LHS of this equation is divisible by (2x2 + 1) the RHS is 

also divisible by (2x2 + 1) and by G(x).  

Richard Turk May 19, 2017 


